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Auxetic systems have the anomalous property of becoming
wider when uniaxially stretched, i.e. exhibit a negative Poisson’s
ratio. One of the mechanisms which can give rise to this property
is based on rotating rigid units, in particular 2D rigid polygons
which are connected together at their corners through hinges
and rotate relative to each other when uniaxially stretched.
This work extends earlier preliminary work on connected rigid
parallelograms and presents expressions for the mechanical
properties for all the types of planar systems that can be

constructed from rigid parallelograms of equal size connected
at their vertices through flexible hinges. In particular, we derive
and discuss the mechanical properties for the Type Iα, Iβ and
IIβ rotating parallelograms which were not previously analysed
and compare them with the properties of the Type IIα systems.
We show that despite being rather similar to each other, the
different types of ‘rotating parallelograms’ have very different
mechanical properties and different abilities to exhibit auxetic
behaviour.

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction The behaviour of a material when
subjected to external stresses is characterized by its
mechanical properties. In particular, the Poisson’s ratio νij

in the Oxi − Oxj plane describes how the dimensions of
the system change as it is uniaxially loaded along the Oxi

direction and is mathematically defined as the negative of
the ratio of the strain εj along the lateral direction (Oxj) and
the strain εi along the loading direction Oxi, i.e.

νij = −εj

εi

. (1)

Note that for conventional materials which become
thinner when stretched, the Poisson’s ratio assumes positive
values, whereas for auxetic materials which expand
laterally when stretched, it assumes negative values.
Materials which possess auxeticity have been found to
have enhanced qualities when compared to conventional
materials, including a better indentation resistance [1–3], an
enhanced ability to form doubly curved surfaces [1, 4–6] and
improved acoustic properties [7–9].

The ability to exhibit such a counter-intuitive behaviour
is often linked to particular geometrical features of the system
and also on how it deforms [1]. In past decades there was

significant progress in this area [10–56] and among the
first systems studied for their potential to exhibit auxetic
behaviour are systems based on rigid ‘free’ molecules and
hard-body sytems [10–15], self-avoiding fixed-connectivity
membranes [16], re-entrant [4, 17–20, 35] and chiral [21–22]
honeycombs deforming through flexure or hinging, and
rotating rigid or semi-rigid 2D [23–30] and 3D units [31–34].
In these systems, auxeticity has been found to be scale
independent, i.e. the same mechanism can operate at any
length scale. In fact, such mechanisms have been used
to design potentially auxetic hypothetical systems [20,
36–42] and to explain auxeticity on a microlevel in cellular
materials such as foams [5, 43–46] and microstructured
polymers [48–50] as well as at the nanolevel in several
molecular-level auxetics, such as silicates [31–34, 51–52],
metals [53] and liquid crystalline polymers [54–55]. In
particular, 2D rigid/semi-rigid rotating unit mechanisms have
been found particularly useful in explaining the auxeticity
exhibited by various zeolitic frameworks [26, 30, 56] and
also in silicates like cristobalite [31–34, 51–52].

In this work we attempt to expand existing knowledge
about this class of systems by considering networks based
on rigid parallelograms which can be considered as a
more generalized form of squares, rhombi and rectangles.

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 1 (online colour at: www.pss-b.com)
The four possible networks that can be
constructed from parallelograms: the space
filling Type Iα (a) and Type IIα (b) and
non-space filling Type Iβ (c) and Type IIβ
(d) rotating parallelograms systems. The unit
cells for Orientation 1 (dash-dot-dash) and
Orientation 2 (dash) are also shown for each
of the networks.

Although the different networks that can be possibly
constructed from rigid parallelograms have already been
shown in [28], only the mechanical properties for one of
the four networks have been derived (those for the Type IIα
system). In view of this, here we derive the full 3 × 3 stiffness
matrices for the three rotating parallelograms systems which
have not been studied so far, i.e. the Type Iα, Type Iβ and
Type IIβ networks and discuss their potential as auxetic
systems.

2 Rotating rigid parallelograms Like squares,
rectangles, rhombi and triangles, parallelograms can be
connected together to form planar tessellations. Their
geometry, characterized by two sets of parallel sides with
opposite angles that are congruent, allows, as described
in [28], for different types of connections which can have:

(i) either an α-type of connection in which case adjacent
parallelograms are connected together such that at each
hinge, one of the smaller angles of a parallelogram is
connected to one of the larger angles of an adjacent
parallelogram1 or a β-type connection where adjacent
parallelograms have like angles connected together and

(ii) either a I-type connection where parallelograms have
sides of the same length connected together giving rise
to two different rhombic pore sizes within the network
or a II-type connection where the sides of adjacent
parallelograms forming a loop are of an alternating length
so that the resulting pores all have the same length
dimensions and are parallelograms in shape.

This results in four different combinations – the Type Iα,
Type IIα, Type Iβ and Type IIβ rotating parallelograms, of
which only the Type Iα and Type IIα are space filling, as
illustrated in Fig. 1.

Similar to other systems [57, 29], these networks can be
easily described by either of two unit cells having different

1 Note that all the parallelograms making up any one of the systems
considered here have the same dimensions so that for Type α systems, the
internal angles of adjacent parallelograms at each hinge are complementary.

orientations which we refer to as ‘Orientation 1’ and ‘Orien-
tation 2’ (see Fig. 1). In all cases, ‘Orientation 1’ is the larger
of the unit cells and contains four whole parallelograms,
while that in ‘Orientation 2’ contains only two. Furthermore,
the two orientations can be geometrically related since one
of the diagonals of the unit cell in ‘Orientation 2’ is also the
cell vector a for the unit cell in ‘Orientation 1’, from which it
follows that the angle ξ which relates the two orientations is
in fact the angle between the diagonal and cell vector b of the
unit cell in ‘Orientation 1’. We note that all analytical models
for the similar systems considered so far have been derived
in one of these orientations: the Type I ‘rotating rectangles’
were derived in Orientation 1, the Type IIα parallelograms/
rhombi were derived in Orientation 2 whilst the ‘rotating
squares’, Type II ‘rotating rectangles’ and Type β ‘rotating
rhombi’ were derived for any orientation given that they are
isotropic in-plane [23, 25, 29]. In view of this, in an attempt
to enable a comparison between the rotating parallelograms
and the more specific cases of ‘rotating rectangles/rhombi
or squares’, we shall derive the mechanical properties of
the Type Iα and Type Iβ rotating parallelograms (which are
anisotropic) in Orientation 1 to enable a quick comparison
with the Type I rotating rectangles and in Orientation 2 (given
in Appendix A) to enable a comparison with the properties
of rhombi2. We will also be deriving the properties of the
Type IIβ rotating parallelograms in Orientation 2 although
in this case the properties derived will be applicable in any
orientation since, as we will show, the system is isotropic
in-plane3.

Throughout this work we will be adopting the convention
of aligning the unit cell vector b parallel to the Ox2 direction

2 Note that the equations for the properties in any orientation may be
derived from any single orientation using standard axis transformation
techniques [59]. In particular, the expressions for the mechanical properties
of the systems in Orientation 2 may be obtained directly from those in
Orientation 1 using standard axis transformation technique, and vice versa.
Nevertheless, due to the algebraic complexity of the expressions involved,
only the simplified expressions in these two main orientations are presented
here.

3 The properties of the Type IIα systems have already been derived
elsewhere.
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Original

Paper

Phys. Status Solidi B 246, No. 9 (2009) 2035

Figure 2 (online colour at: www.pss-b.com)
Geometrical parameters describing the unit
cell for (a) Type Iα and (b) Type Iβ rotating
parallelograms in Orientation 1.

while a lies in the Ox1 − Ox2 plane and points in the direction
dictated by the dimensions of the parallelograms (the sides
a and b and the internal angle φ) and the angle θ between
them (the degree of openness) so that the unit cell of each
network can be most generally described by the unit cell
vectors a = (X11, X12) and b = (0, X22), lying at angle α12

away from each other. Assuming that the parallelograms are
perfectly rigid, the changes in shape and size of the unit cell
occurring during deformation are a function of the single
variable θ.

3 On-axis mechanical properties
3.1 Type Iα rotating parallelograms in orienta-

tion 1 Referring to Fig. 2a, Type Iα networks are described
by a parallelogramic unit cell for which:

X11 = A

l2

, (2)

X22 = l2, (3)

X12 =
√

l2
1 − 4A2

l2
2

(4)

α12 = cos−1

(
l2
1 + l2

2 − l2
3

2l1l2

)
, (5)

where α12 is the internal angle of the unit cell and l1 and l2

are its side lengths given by

l1 = 2

√
a2 cos2

(
θ

2

)
+ b2 sin2

(
θ

2

)
+ ab sin (θ) sin (φ),

(6)

l2 = 2

√
a2 sin2

(
θ

2

)
+ b2 cos2

(
θ

2

)
+ ab sin (θ) sin (φ),

(7)

and A is the area of the unit cell which can be found using
Heron’s formula i.e. A = 2

√
s (s − l1) (s − l2) (s − l3) where

s is the half-perimeter of triangle ABC and l3 (the diagonal of
the unit cell opposite α12, see Fig. 2a), given respectively by

s = l1 + l2 + l3

2
, (8)

l3 = 2
√

a2 + b2 − 2ab cos (θ + φ). (9)

It is important to note that the fact that α12 is dependent
on θ suggests that the unit cell shears upon deformation so
that all the nine coefficients in the 3 × 3 stiffness matrix may
have a non-zero value, i.e.

S =
(

s11 s12 s13

s21 s22 s23

s31 s32 s33

)
=

⎛
⎜⎜⎜⎜⎜⎝

1

E1

−ν21

E2

η31

G12−ν12

E1

1

E2

η32

G12
η13

E1

η23

E2

1

G12

⎞
⎟⎟⎟⎟⎟⎠ (10)

meaning that in order to properly analyse the system,
including its off-axis mechanical properties, it is necessary
to derive the Poisson’s ratios, νij, Young’s moduli, Ei, shear
modulus, G12 and shear coupling coefficients, ηij.

3.1.1 Poisson’s ratios The strains along the Ox1 and
Ox2 directions can be obtained after substituting for A in
Eq. (2) and expressing the resultant equation in terms of the
infinitesimal change in the angle dθ as

ε1 = dX11

X11

= 1

X11

[(
∂X11

∂l1

)
l2,l3

(
dl1

dθ

)

+
(

∂X11

∂l2

)
l1,l3

(
dl2

dθ

)
+

(
∂X11

∂l3

)
l1,l2

(
dl3

dθ

)]
dθ,

(11)

ε2 = dX22

X22

= 1

X22

(
dl2

dθ

)
dθ, (12)

so that on differentiating Eqs. (6),(7) and (9) with respect
to θ and substituting into Eqs. (11) and (12), the Poisson’s
ratio for loading in the Ox2 direction can, after simplifying,

www.pss-b.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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be written as

ν21 = (ν12)−1 = − ε1

ε2

= −
(
a2 − b2

) (
l2
2l

2
1 − l4

2 − A2
)

sin (θ) + 2abl2
2

(
l2
2 + l2

1 − l2
3

)
sin (θ + φ) + 2ab cos (θ) sin (φ)

(
l2
3l

2
2 − A2

)
[(a2 − b2) sin (θ) + 2ab cos (θ) sin (φ)] A2

(13)

3.1.2 Young’s moduli The Young’s moduli can be
found using an energy approach. The work done at each hinge
in changing the angle θ by dθ is given by:

W = 1

2
Khdθ2. (14)

Since there are eight hinges in each unit cell, the total
strain energy U stored per unit volume V is given by:

U = 4Khdθ2

V
= 1

2
Eiε

2
i
, (15)

where Ei is the Young’s modulus of the network along the
Oxi direction and V = X11X22z, with z being the out-of-
plane thickness of the parallelograms so that using Eqs. (2),

(3), (11) and (12), the Young’s moduli can be expressed by

E1 = 8Khl
4
2A

3

z

[(
a2 − b2

) (
l2
1l

2
2 − l4

2 − A2
)

sin (θ)

+ 2ab cos (θ) sin (φ)
(
l2
2l

2
3 − A2

)
+ 2abl2

2

(
l2
1 + l2

2 − l2
3

)
sin (θ + φ)

]−2
, (16)

E2 = 8Khl
4
2

zA [(a2 − b2) sin (θ) + 2ab cos (θ) sin (φ)]2 . (17)

3.1.3 Shear modulus As previously stated, the unit
cell for this network also shears, i.e. the internal angle α12

of the unit cell does not remain constant during deformation,
resulting in a shear strain γ . To derive the shear modulus we
first define the shear strain in terms of dθ as follows [36, 58]:

γ = 1

X11

[
dX12 −

(
X12

X22

)
dX22

]

= 1

X11

(
cos (α12)

(
dl1

dθ

)
− l1 sin (α12)

(
dα12

dθ

)

− X12

l2

(
dl2

dθ

))
dθ, (18)

where

X12 = l1 cos (α12) and

sin (α12) =
√

1 −
(

X12

l1

)2

= X11

l1

, (19)

so that using Eqs. (2) and (4–6) and simplifying, the shear
strain can be rewritten as

γ =
(
a2 − b2

)
sin (θ)

(
l2
3 − l2

2 − l2
1

) + 2ab cos (θ) sin (φ)
(
l2
3 + l2

2 − l2
1

) − 4abl2
2 sin (θ + φ)

Al2
2

. (20)

Having derived the shear strain γ in terms of dθ the
shear modulus may be obtained using an energy conservation
approach. In particular, the shear modulus G12 can be related
to γ and the total energy U stored in the system, through the
following equation:

U = 2Khdθ2

V
= 1

2
G12γ

2, (21)

from which it follows that

G12 = 8Khl
4
2A

z
[
(a2 − b2)

(
l2
3 − l2

2 − l2
1

)
sin (θ) + 2ab

(
l2
3 + l2

2 − l2
1

)
cos (θ) sin (φ) − 4abl2

2 sin (θ + φ)
]2 . (22)

Using the expressions obtained for the normal strains εi

and the shear strains γ , the shear coupling coefficients η13,
η31, η23 and η32 can also be found since:

ηi3 = γ

εi

and η3i = εi

γ
(i = 1, 2). (23)

3.2 Type Iβ rotating parallelograms in orienta-
tion 1 For Type Iβ networks, it is evident from Fig. 2b that
α12 = π/2 i.e. the unit cell in this orientation has a rectangular
shape and does not shear. In this case, the unit cell is described
by the unit cell vectors a = (X11, 0) and b = (0, X22) where
referring to Fig. 2b:

X11 = 2

[
a cos

(
θ

2

)
+ b cos

(
φ − θ

2

)]
, (24)

X22 = 2

[
a sin

(
θ

2

)
+ b sin

(
φ − θ

2

)]
. (25)

For such systems, the stiffness matrix describing the
on-axis mechanical properties has only four non-zero

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.pss-b.com
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coefficients and is given by:

S =
(

s11 s12 s13

s21 s22 s23

s31 s32 s33

)
=

⎛
⎜⎜⎜⎝

1

E1

−ν21

E2

0

−ν12

E1

1

E2

0

0 0 0

⎞
⎟⎟⎟⎠ (26)

i.e. the mechanical properties of these systems are totally
describable by the on-axis Poisson’s ratio and Young’s
moduli.

3.2.1 Poisson’s ratios The strains along the Oxi

directions may be defined in terms of dθ and are given by

εi = dXi

Xi

= 1

Xi

(
dXi

dθ

)
dθ, (27)

so that on differentiating Eqs (24) and (25) with respect to θ,
the strains can be rewritten as:

ε1 = − a sin
(

θ

2

) − b sin
(
φ − θ

2

)
2

[
a sin

(
θ

2

) + b sin
(
φ − θ

2

)]dθ, (28)

ε2 = a cos
(

θ

2

) − b cos
(
φ − θ

2

)
2

[
a sin

(
θ

2

) + b sin
(
φ − θ

2

)]dθ, (29)

and on substituting in Eq. (1) and simplifying, the Poisson’s
ratio is given by:

ν21 = (ν12)−1 = a2 sin2
(

θ

2

) − b2 sin2
(
φ − θ

2

)
a2 cos2

(
θ

2

) − b2 cos2
(
φ − θ

2

) . (30)

3.2.2 Young’s moduli Using the energy approach
already outlined for the Type Iα systems, the Young’s moduli
are found to be given by the following equations:

E1 =
8Kh

[
a cos

(
θ

2

) + b cos
(
φ − θ

2

)]
z
[
a sin

(
θ

2

) + b sin
(
φ − θ

2

)] [
a sin

(
θ

2

) − b sin
(
φ − θ

2

)]2 ,

(31)

E2 =
8Kh

[
a sin

(
θ

2

) + b sin
(
φ − θ

2

)]
z
[
a cos

(
θ

2

) + b cos
(
φ − θ

2

)] [
a cos

(
θ

2

) − b cos
(
φ − θ

2

)]2 .

(32)

Figure 3 (online colour at: www.pss-b.com) Geometrical
parameters describing the unit cell for Type IIβ rotating
parallelograms in orientation 2.

3.3 Type IIβ rotating parallelograms in orien-
ation 2 The unit cell in orientation 2 for Type IIβ
configuration is shown in Fig. 3. In this case the unit cell
is described by the unit cell vectors a = (X11, X12) and
b = (0, X22) lying at an angle α12 = φ to each other so
that:

X11 = 2a cos

(
θ − φ

2

)
sin φ, (33)

X22 = 2b cos

(
θ − φ

2

)
, (34)

X12 = 2a cos

(
θ − φ

2

)
cos φ. (35)

The fact that the relative orientation of the cell vectors
is only dependent on φ suggests that in this orientation, the
network does not shear i.e. has an infinite shear modulus so
that the compliance matrix is given by Eq. (26). Thus, as
for the Type Iβ systems, to fully describe the mechanical
properties of the system it is sufficient to derive analytical
models for the Poisson’s ratios and Young’s moduli.

3.3.1 Poisson’s ratio From Eqs (33) and (34), it can
be found that the strains in both Oxi directions are given by

εi = dXi

Xi

= 1

Xi

(
dXi

dθ

)
dθ = −1

2
tan

(
θ − φ

2

)
dθ,

(36)

www.pss-b.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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i.e.

ν21 = (ν12)−1 = −ε1

ε2

= −1 (37)

i.e. the Poisson’s ratio is −1 irrespective of a, b, θ and φ.

3.3.2 Young’s moduli Using an energy approach, and
taking into account that the unit cell contains four hinges,
the Young’s modulus can be related to the strain energy as
follows:

U = 4Khdθ2

2V
= 1

2
Eiε

2
i
, (38)

where 1
2
Khdθ2 is the work done at each hinge and V is the

volume of the unit cell given by X11X22z with z being the out-
of-plane thickness of the parallelograms, so that the Young’s
modulus can be given by:

Ei = 4Kh

zab sin φ sin

(
θ − φ

2

)2 . (39)

4 Off-axis mechanical properties The off-axis
mechanical properties of these systems can be computed
using standard axis transformation techniques [59] and it can
be shown that the Type Iα, Type Iβ and Type IIα are highly
anisotropic. In contrast to this, standard axes transformation
techniques [59] suggest that the Type IIβ system is isotropic
in-plane, i.e. the Poisson’s ratio is always −1 irrespective of
the direction of loading and the full compliance matrix is
always given by:

S =
(

s11 s12 0
s21 s22 0
0 0 0

)
= 1

E

( 1 1 0
1 1 0
0 0 0

)

=
zab sin φ sin

(
θ − φ

2

)2

4Kh

( 1 1 0
1 1 0
0 0 0

)
. (40)

5 Results and discussion The equations derived
above clearly show that the Type IIβ parallelograms exhibit
a constant Poisson’s ratio of −1 irrespective of the shape
and size of the parallelograms, the degree of openness of the
system and the direction of loading. This is very different
from what is observed in the Type IIα systems (discussed
in [28]) and the Type Iα and Iβ systems as illustrated in the
plots in Fig. 4 which show the variation of the Poisson’s ratio
with the angle θ for different Type Iα and Type Iβ networks
in Orientation 1 for loading in the Ox2 direction.

The plots in Fig. 4 clearly highlight that the sign and
magnitude of the on-axis Poisson’s ratios for these Type I
networks in Orientation 1 are dependent on the shape of the
parallelograms, in particular on the aspect ratio a/b and on its

internal angle φ, and are also highly dependent on the angle
between the parallelograms (which in turn suggests that the
properties of these systems are highly strain dependent). For
these systems, if one re-writes the expression for the on-axis
Poisson’s ratio in Orientation 1 for the particular case when
the systems are fully closed (i.e. at θ = 0◦), one finds that
for the Type Iα systems, the Poison’s ratio at θ = 0◦ has a
value given by:

νθ=0
21 = (

νθ=0
12

)−1 = − l4
2 + l2

1l
2
2 − A2

A2
, (41)

for which it can be easily shown that A < l1l2, meaning
that the Poisson’s ratio corresponding to the fully closed
configuration for Type Iα parallelograms is always negative,
i.e. they are always initially auxetic when stretched from
their fully closed configuration. On the other hand, Type
Iβ networks can have both a negative as well as a positive
Poisson’s ratio when θ = 0◦ which is given by the expression:

νθ=0
21 = (

νθ=0
12

)−1 = − b2 sin2 (φ)

a2 − b2 cos2 (φ)
, (42)

where since 0 < sin(φ)<1, it follows that ν21 is positive if
a/b< cos(φ) and negative if a/b> cos(φ), the latter of which
implies that for any system having a>b, νθ=0

21 is negative
irrespective of φ. In cases where a/b = cos(φ), the Poisson’s
ratio tends to ∞ as θ → 0◦, assuming that no overlap of
the parallelograms occurs, i.e. θ ≥ 0◦. Thus, the initial
behaviour of Type Iβ systems is highly dependent on the
relative magnitude of the aspect ratio of the parallelograms
and its internal angle.

It is also evident from Fig. 4 that the on-axis Poisson’s
ratio undergoes transitions from negative to positive values
or vice versa. Such transitions can occur either continuously
with a gradual change in the Poisson’s ratio, passing
smoothly through zero or discontinuously where changes
occur from a positive to a negative extreme (or vice versa)
over the smallest of changes in θ. From a mathematical point
of view such instances arise when either the numerator or
the denominator in the expressions describing the Poisson’s
ratio equates to zero.

In the case of Type Iα parallelograms, continuous
transitions for ν21 occur when4:(

a2 − b2
) (

l2
2l

2
1 − l4

2 − A2
)

sin (θ) + 2abl2
2

(
l2
2 + l2

1 − l2
3

)
× sin (θ + φ) + 2ab cos (θ) sin (φ)

(
l2
3l

2
2 − A2

) = 0,

(43)

for which a solution may be most conveniently found
graphically, while asymptotic transitions occur when:

θ = tan−1

(
−2ab sin (φ)

a2 − b2

)
. (44)

4 Note that a continuous transition in for ν21 corresponds to a
discontinuous transition for ν12 and vice versa.

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.pss-b.com
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Figure 4 (online colour at: www.pss-b.com) Plots showing the variation of the Poisson’s ratio ν21 for the Type Iα and Type Iβ
parallelograms as they are stretched from their fully closed to their fully open configuration. Note that in the case of the Type Iβ,
the filled circles at the end of the lines indicate the limiting value of θ = 2φ necessary to avoid overlap of the parallelograms.

Also of interest for Type Iα networks are cases when
θ = π/2 (except those for which a = b). These correspond
to instances when the pores are fully open and with a square
shape so that the unit cell is also a square, i.e. l1 = l2 = l and
l3 = √

2l at which point ν21 = 1 irrespective of the shape and
size of the parallelograms.

In the case of Type Iβ, transitions from negative to
positive values (or vice versa) for ν21 are continuous when:

θ = 2 tan−1

(
sin (φ)

a/b + cos (φ)

)
or

θ = 2 tan−1

(
sin (φ)

cos (φ) − a/b

)
, (45)

and discontinuous when:

θ = 2 tan−1

(
a/b − cos (φ)

sin (φ)

)
or

θ = 2 tan−1 −
(

a/b + cos (φ)

sin (φ)

)
, (46)

whichever condition occurs first and providing that 0<θ<2φ

in order to avoid overlap of the parallelograms themselves.
This suggests that a maximum of four transitions,
two continuous and two asymptotic, can occur while
stretching the system from a fully closed to a fully open
configuration, the number of which ultimately depends
on φ.

In cases where φ = π/2, the networks described here,
both become equivalent to Type I rectangles with a Poisson’s
ratio (see Fig. 5b) given by:

ν21 = (ν12)−1 = a2 sin2
(

θ

2

) − b2 cos2
(

θ

2

)
a2 cos2

(
θ

2

) − b2 sin2
(

θ

2

) , (47)

which has already been discussed in Ref. [26]. For networks
which in addition to having φ = π/2 also have a = b,
the Poisson’s ratio simplifies further to −1 (Fig. 5c),
corresponding to that of the rotating squares [23].

Also interesting are special cases where a = b (Fig. 5a)
when φ �= π/2 i.e. when the parallelograms become rhombi
(but not squares). In these cases we only have two possible
networks, the Type α and Type β as described in Ref. [29]
where it was shown that the Type β rotating rhombi
exhibit constant Poisson’s ratio of −1, a property which
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Figure 5 (online colour at: www.pss-b.com)
Plots showing the variation of the Poisson’s
ratio with the degree of openness of the sys-
tems for cases where (a) φ = 90◦, (b) a/b =
1 and (c) φ = 90◦ and a/b = 1.

is also shown by all Type IIβ parallelograms and by
Eq. (30) in the special case a = b (i.e. when the Type
Iβ parallelograms become Type β rhombi). We also note
that the expression for the on-axis Poisson’s ratio derived
for Orientation 2 reduces to the one derived in [28] when
a = b whilst using Eq. (13), it can be shown that the
Poisson’s ratio for Type α rhombi in Orientation 1 is
given by

ν21 =

− l2
2

(
2l2

2 − l3

)
sin (θ + φ) + cos (θ) sin (φ)

(
l2
3l

2
2 − A2

)
cos (θ) sin (φ) A2

.

(48)

Before we conclude we note that the equations derived
in this paper once again show that the Poisson’s ratio of
the different structures discussed here is scale independent
although in general it is dependent on the shape of the
parallelograms, the way they are connected, the angle
between them and the direction of loading. This suggests
that these ‘connected parallelograms’ may be implemented
at any scale and thus may be useful to experimentalists who
may inspire themselves from them when they are making real
systems at any scale which could mimic the ones described
here. In particular, the real systems could be designed in such
a way that one or more of the projections of the 3D structure
is describable by connected parallelograms, i.e. in a similar
way that the (001) plane of the zeolite NAT may be described
in terms of ‘connected squares’. In such cases, the expression

derived here will be of particular use to experimentalists as
they can help them design systems which exhibit tailor made
properties. In this respect we wish to highlight the differences
which arise through changing the mode of connectivity.

Finally, it is important to note that whilst it is fairly easy
to construct 2D macrostructures with these connectivities
where the parallelograms remain rigid, if these system had
to be implemented at the micro or nanoscale, one is likely to
find that the parallelogrammic units will not be perfectly rigid
and instead deform to some extent or another. In such cases,
the extent of agreement between the expressions derived
here and the properties observed in the real systems will
depend on the extent of rigidity of the parallelogrammic
units.

6 Conclusion In this work we have derived and dis-
cussed the in-plane mechanical properties for Type Iα, Iβ and
IIβ parallelograms which together with the Type IIα provide
us with a complete picture of all the four different systems
that may be constructed from connected parallelograms. We
found that these four systems have very different properties
from each other with the Type IIβ systems exhibiting constant
Poisson’s ratios of −1 whilst all other systems have Poisson’s
ratios which depend on the shape of the parallelograms,
the degree of openness and the direction of loading. We
also showed that these systems exhibit very different shear
behaviour from each other. We hope that this work will help
experimentalists in their quest for manufacturing real auxetic
systems as the models can assist them in their design of
system which can have tailor-made mechanical properties.
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Appendix A: Mechanical properties of Type Iα
and Type Iβ parallelograms in Orientation 2

A1. Type Iα rotating parallelograms The mechan-
ical properties for Type Iα systems in Orientation 2 can be
derived using a method very similar to that of Orientation 1
except that for Orientation 2, referring to Fig. 6a, l1, l2 and l3

are given by

l1 =
√

a2 + b2 − 2ab cos (φ + θ), (49)

l2 =
√

a2 + b2 + 2ab cos (φ − θ), (50)

l3 = 2

√
a2 sin2

(
θ

2

)
+ b2 cos2

(
θ

2

)
+ ab sin (θ) sin (φ).

(51)

The strains along the Ox1 and Ox2 directions can be
expressed using Eqs. (11) and (12) so that the Poisson’s ratio
ν21 can be written as

ν21 = (ν12)−1 = −ε1

ε2

= −abl4
2 sin (θ + φ) − ab sin (φ − θ)

(
A2 − l2

1l
2
2

) + 1
2
l2
2 sin (θ)

(
a2 − b2

) (
l2
1 + l2

2 − l2
3

)
.

abA2 sin (φ − θ)
(52)

The Young’s moduli for Orientation 2 can be found using
the same method as for Orientation 1 except that now, in each
unit cell there are four hinges rather than eight so that the
energy, U stored per unit volume, V is given by

U = 2Khdθ2

V
= 1

2
Eiε

2
i
, (53)

where V = X11X22z, with z being the out-of-plane thickness
of the parallelograms so that the Young’s moduli can be
given by

E1 = 4KhA
3

z
(
l2
2ab sin (φ + θ) − ab

(
A2

l22
− l2

1

)
sin (φ − θ) + 1

2
(a2 − b2) sin (θ)

(
l2
1 + l2

2 − l2
3

))2 , (54)

E2 = 4Khl
4
2

za2b2A sin2 (φ − θ)
. (55)

Figure 6 (online colour at: www.pss-b.com) Geometrical
parameters describing the unit cell for (a) Type Iα and (b) Type
Iβ rotating parallelograms in Orientation 2.

In this Orientation Type Iα networks also shear. Using
Eq. (18), the shear strain γ can be written as

γ = ab sin (φ − θ)
(
l2
1 + l2

2 − l2
3

) + l2
2

(
a2 − b2

)
sin (θ)

l2
2A

dθ,

(56)

while the shear modulus itself is given by

G12 = 2U

γ2
= 4Khdθ2

Vγ2

= 4Khl
4
2A

z
(
ab

(
l2
1 + l2

2 − l2
3

)
sin (φ − θ) + l2

2 (a2 − b2) sin (θ)
)2 ,

(57)
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and the stiffness coupling coefficients η13, η31, η23 and η32 are
given by

η13 = (η31)
−1 = γ

ε1

= 4A
[
l2
2 sin (θ)

(
a2 − b2

) + ab
(
l2
1 + l2

2 − l2
3

)
sin (φ − θ)

]
l2
2

[(
l2
1 − l2

2 + l2
3 − 2A2

l22

)
ab sin (φ − θ) + ab

(
l2
1 − l2

2 − l2
3

)
sin (φ + θ) + (

l2
3 − l2

1 − l2
2

)
((a2 − b2) sin (θ) + 2ab cos θ sin φ)

]S,
(58)

η23 = (η23)
−1 = γ

ε2

= − l2
2

(
a2 − b2

)
sin (θ) + ab

(
l2
1 + l2

2 − l2
3

)
sin (φ − θ)

abA sin (φ − θ)
.

(59)

From these equations, it can be shown that when a = b,
α12 = 90◦ and therefore A = l1l2 so that Eq. (52) reduces to

ν21 = sin (φ + θ) (1 + cos (φ − θ))

sin (φ − θ) (cos (φ + θ) − 1)

= tan

(
θ − φ

2

)
tan

(
θ + φ

2

)
, (60)

while γ becomes zero, which is equivalent to that for the
rotating rhombi in orientation 2 [32].

A2. Type Iβ rotating parallelograms For Type Iβ
networks, the unit cell in Orientation 2, shown in Fig 6b,
is rhombic rather than rectangular as in Orientation 1, and
can be described by the unit-cell vectors a = (X11, X12) and
b = (X22, 0), given by the following equations:

X11 = l sin (α12) , (61)

X22 = l, (62)

X12 = l cos (α12) , (63)

where

l =
√

a2 + b2 + 2ab cos (θ − φ), (64)

sin (α12) = X11
[1]X22

[1]

2l2
; cos (α12) = 1 − 1

2

(
X22

[1]

l

)2

,

(65)

with X
[1]
11 and X

[1]
22 being the unit cell dimensions along the

Ox1 and Ox2 directions respectively for Orientation 1 so that
after substituting for these terms using Eqs. (24) and (25),

the strains can be found by differentiating X11 and X22 with
respect to θ as follows:

ε1 = a2 cos (θ) − b2 cos (2φ − θ) − ab sin (α12) sin (φ − θ)

l2 sin (α12)
dθ,

(66)

ε2 = ab sin (φ − θ)

l2
dθ, (67)

so that the Poisson’s ratio is then given by

ν21 =

1− l2
[
a2 cos (θ) −b2 cos (2φ − θ)

]
ab sin (φ − θ) [a2 sin (θ) + 2ab sin (φ) + b2 sin (2φ − θ)]

,

(68)

which becomes −1 for cases where a = b, i.e. when the
parallelograms become rhombi [32].

Also, using Eq. (53), the Young’s moduli are given by

E1 =
4Khl

2 sin (α12)

z (a2 cos (θ) − b2 cos (2φ − θ) − ab sin (α12) sin (φ − θ))2 ,

(69)

E2 = 4Khl
2

z sin (α12) (ab sin (φ − θ))2 . (70)

As opposed to Orientation 1, in Orientation 2, these
networks also shear. The shear strain can be found using
Eq. (18), putting l1 = l2 = l so that after simplifying, the
shear strain γ is given by

γ =

−a2 cos (θ) − b2 cos (2φ − θ) − 2ab sin (α12) sin (φ − θ)

abl2 cos (α12) sin (φ − θ)
dθ,

(71)
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so that using an energy approach, the shear modulus is
given by

G12 = 4Khdθ2

Vγ2
= 4Khl

2 cos2 (α12)

z sin (α12) [a2 cos (θ) − b2 cos (2φ − θ) − 2ab sin (α12) sin (φ − θ)]2 , (72)

while the shear coupling coefficients are given by

η13 = (η31)
−1 = sin (α12)

[
a2 cos (θ) − b2 cos (2φ − θ) − 2ab sin (α12) sin (φ − θ)

]
cos (α12) [a2 cos (θ) − b2 cos (2φ − θ) − ab sin (α12) sin (φ − θ)]

, (73)

η23 = (η23)
−1 = a2 cos (θ) + b2 (2φ − θ) − 2ab sin (α12) sin (φ − θ)

ab cos (α12) sin (φ − θ)
. (74)
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